I. INTRODUCTION
Random packings of hard spheres have been used throughout the last decades to represent the structure of liquids, amorphous solids or glasses 1{6] or to provide structural models to investigate phenomena such as electrical conductivity 7{9], uid ow 10{12], stress distribution 13, 14] , and to investigate processes such as sintering 9,15,16] or particle size segregation 17, 18] . One of the most fascinating features of random packings is that there is an upper limit of the volume fraction c b which cannot be surpassed and which is signi cantly smaller than the one c m = 0:7405 of the ordered close packings (hexagonalclosed-packed and face-centered-cubic). Since the pioneering work of Bernal 1] who realized a close random packing with real spheres in a laboratory, a large e ort has been devoted by both experimentalists and theorists to obtain the most compact random packing 19, 20] . To our knowledge the best e cient algorithm to build random close packings on a computer remains the one of Jodrey and Tory (JT) 21] which leads to c b ' 0:649. We have used it in the present work. It is now believed that the existence of an upper limit for the volume fraction is related to the degeneracy between hexagonal-closed-packed and face-centered-cubic structures leading to the so-called geometrical \frustration" associated with the impossibility to tile the space with perfect tetrahedra only 23{25].
One of the most widely used tool to investigate the structure of isotropic random packings is the pair correlation function g(r) which is the Fourier transform of the experimental wavelength-dependent X-rays (or neutron) scattering intensity I(q) 22] . This quantity gives interesting informations on the sphere correlations but is too much averaged to be able to describe in detail the topology of the local structure. A powerful way to get local informations is to determine the Voronoi cells, a method which was initiated by Finney 2] and which has a wide range of applications, especially for studying froths and foams 23, 26] . A Voronoi cell is the generalization of a Wigner-Seitz cell for disordered structures. It is the polyhedron which contains the ensemble of points closer to a given sphere center than to any other.
Apart from a few studies 27{29], the Voronoi tessellation was not very often performed on three dimensional random packings. A recent work however reports on a study of Voronoi cell statistics for a few random packings of limited volume fractions (up to c = 0:58) 30].
In this paper, we have built random packings containing 8192 spheres, in a wide range of concentrations, up to volume fractions very close to the upper limit c b , using the e cient JT algorithm 21]. For each computer generated packing we have calculated the pair correlation function and performed a complete Voronoi tessellation. An important result of our paper is that all the calculated characteristics vary with c in such a way that, when they are extrapolated above c b , they apparently approach their corresponding values for a perfect tetrahedral local order, with dodecahedra as Voronoi cells, for the ideal packing fraction c 0 = 0:754; this value corresponds to the ratio of the volume of a sphere over the volume of its circumscribed perfect dodecahedron. In part II we provide a short description of the algorithm used to build the packings, in part III we give the results on the pair correlation function and in part IV we present the numerical results for the Voronoi cell characteristics.
II. ALGORITHM USED TO BUILD THE PACKINGS
Since we have reproduced the JT algorithm 21] with only slight di erences, it is not our intention to provide too much details here. The algorithm proceeds by an iterative sequential resorption of overlaps of -imagined-spheres which consists in successive displacements of pairs of nearest neighboring points (sphere centers) starting at iteration i = 0 from a set of N points randomly located in a cubic box of edge length B. 
where the \rate" R and the exponent are two input parameters of the algorithm in addition to B, N and d 0 M . Note that formula (1) is slightly di erent (simpler) than the original one used by Jodrey and Tory 21] and consequently our de nition of the rate R is di erent. The process stops at iteration n when one nds d n M < d n m . Then the nal minimum distance d n m is taken as the particle diameter for the resulting packing.
Note that the value taken for the box edge length B does not play any role as it only xes the unit of length. In practice B has been set to an integer value B = 20 because we have used an underlying cubic lattice of 8000 cells to label the spheres in order to accelerate the search for their neighbors. The number N of spheres has been set to N = 8192, almost an order of magnitude larger than the JT value N = 1000 21]. We have checked on a few other N values that the results are size insensitive. Reaching large N is interesting here in our attempt to get informations about correlations on larger distances than previously reported. While the parameter d 0 M is not very important (it should be taken su ciently large however) the remaining parameters R and are essential not only to x the nal packing fraction, but also to determine the overall speed to reach it. Here we have taken = 0:33 and we have only varied R. We provide in table I the considered values of R with the resulting packing fractions. When extrapolating these packing fractions to R = 0, we obtain c b ' 0:645 in good agreement with previous estimates. To build the most dense packing, of volume fraction c = 0:643, we used a few days of IBM RISC 6000/580 computer time.
As soon as they have been built, all the packings are rescaled to get a particle diameter of 1 and, consequently, in all what follows, the distances will be expressed in diameter units, To give an idea of the linear sizes of our packings we have listed the rescaled box edge lengths b = B=d n m in table I.
III. PAIR-CORRELATION FUNCTION
The pair-correlation function g( ? ! r ) is de ned such that g( ? ! r )d 3 r is proportional to the probability of nding a sphere center inside a volume d 3 r at a distance ? ! r from a given sphere center. Consequently, for an isotropic packing, the number of sphere centers, dN, located between distances r and r + dr from a given sphere center is proportional to g(r)4 r 2 dr.
Knowing that in average the number of sphere centers per unit volume is 6c= , one can normalize g(r) to unity when r goes to in nity, by writing: dN = 6c g(r)4 r 2 dr = 24cg(r)r 2 dr (2) We have used this formula to compute g(r) in all the packings listed in table 1. For each sphere in the box, we have counted the number of sphere centers located between distances r and r + dr from its center, taking care of PBC when investigating regions outside of the box. Then we have averaged the results over the N particles in the box and divided it by 24cr 2 dr. In all the calculations, we have taken dr = 0:05. We have checked that our g(r)
curves exhibit all the well-known short range features 22]. In particular a double peak, characteristics of close packings, appears in the range 1.7 ... 2 for c larger than about 0.6. The large r oscillations of g(r) are due to a pseudo-periodic arrangement of the spheres around a given one. Since the correlation is more e ective the denser the packing is, one expects that the period of the oscillations should be associated with the smallest distance.
Aside from the hard sphere radius (1 in our units) one can look for what we call the most compact parallel planes locally. The most compact plane closest to a given sphere is de ned by the centers of its three nearest neighbors. Therefore, in the ideal arrangement described above, this period, a, should be identi ed with the distance between the center of the icosahedron and the center of one of its faces, knowing that the distance from the center to a vertex is here equal to unity. Getting, again from geometry textbook 32], the expressions of the center-to-face and center-to-vertex distances H i and L i as a function of the edge length for a perfect icosahedron: 22 (5a) 
IV. VORONOI CELLS
We have recently written a code able to perform a Voronoi tessellation in three dimensions given a set of points in a cubic box with periodic boundary conditions at the box edges 31]. The algorithm rst determines the Delaunay tetrahedral simplicial cells which are, among all the tetrahedra involving four arbitrary sphere centers, the ones where the for centers are chosen such that no other sphere center lies inside their circumscribed sphere (i.e. the sphere the surface of which is de ned by the four centers). Then all the elements, vertices, edges and faces, of a Voronoi cell of a given sphere are determined knowing that the vertices are the centers of the circumscribed spheres of all the tetrahedra sharing the given sphere.
For each cell, not only the number of vertices V , the number of faces F and the number of edges E have been determined but also the total volume of the cell v, the area s for each face, the length`for each edge as well as the total surface area S for the cell (sum of the face areas).
In gure 3a we report the distribution function h v for the cell volumes de ned such as h v (v)dv is the fraction of cells with a volume lying between v and v + dv. In gure 3b we report the distribution function h S for the cell surfaces de ned similarly. Both histograms become more and more peaked as the concentration increases. V ? E + F = 2 (6) but also, since the system is disordered there are always three edges meeting at a given cell vertex and therefore 2E = 3V . Other situations, which occur in some regular packings, correspond to the existence of degenerated zero-area faces and have no chance to occur in the presence of randomness. Hence both E and V are related to the number of faces, or coordination number (number of nearest neighbors), F:
These relations have been veri ed on our numerical results. Another interesting quantity characterizing a given face is its number of edges e. A relation exists between its mean value < e > and the mean coordinance z =< F > 23]: z = 12 6? < e > (8) In gures 5a and 5b we report the quantities f F and f e which are the fraction of cells with F faces and the fraction of faces with e edges, respectively. On these gures the tendancy to build mostly dodecahedra as c increases is less clear than with the other quantities previously 
V. DISCUSSION AND CONCLUSION
We have built large random packings of hard spheres with volume fractions very close to the upper limit and we have systematically studied some of their structural characteristics as a function of the volume fraction. From quantitative analysis of both the pair-correlation function and some Voronoi cell characteristics, we conclude that the system approaches icosahedral order when increasing the density towards c 0 , but it stops at the upper limit c = c b due to geometrical frustration. We plan to ll the gap by building sphere packings in curved space. However the extension of the JT algorithm to curved space is not easy as we must abandon PBC to work on an hypersphere of tunable radius in four dimensions.
Although the motivation is di erent, our work on the Voronoi cells is complementary to the recent one by Oger et al 30] . These authors have considered packings built by random sequential addition (RSA), and therefore are bounded to the so-called \jamming limit" The detailed structure of a random packing does not depend only on its volume fraction, but also on the procedure used to build it. In particular the Bennet packing is anisotropic 34] while the JT packings are isotropic. Hence, the nice agreement between both studies suggests that a quasi-universality exists for random packings, at least for very large packing fractions (larger than about 0.55).
Extensions of this study to the thermodynamics of soft spheres are under progress and some preliminary results have been obtained in connection with the glass transtion 31]. When the temperature decreases from the liquid phase, the system behaves the same way as it does here when increasing density, i.e. it tries to reach a local icosahedral order. All these results appear to be in agreement with a recent theory of the glass transition which also invokes an unreachable critical point 35] .
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